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Abstract. We prove asymptotic completeness in the energy space for the 
nonlinear Schrodinger equation posed on hyperbolic space H" in the radial 
case, for n 4, and any energy-subcritical, defocusing, power nonlinearity. 
The proof is based on simple Morawetz estimates and weighted Strichartz es- 
timates. We investigate the same question on spaces which kind of interpolate 
between Euclidean space and hyperbolic space, showing that the family of 
short range nonlinearities becomes larger and larger as the space approaches 
the hyperbolic space. Finally, we describe the large time behavior of radial 
solutions to the free dynamics. 



1. Introduction 

Consider the defocusing nonlinear Schrodinger equation on Euchdean space 

(1.1) idtu + Au:^\u\'^''u, a;eM",n^3 ; u^t^Q = uq e {R"^) , 

where A stands for the usual Laplacian. For < a ^ 2/(n — 2), the solution to 
p.ip is global in time, in the class of finite energy solutions [TOl EH HH US]. If in 
addition a > 2/n, then there is scattering in [T7 1 fT ^ [55] : 

3u±ei7i(R"), \\u{t) - e'^'^UiW — > 0. 

On the other hand, if a is too small, then long range effects are present, and the 
above result holds only in the trivial case [T] [23]: if cr ^ 1/n and u+ £ L^(R"), 
u G C(M; L2(R")) are such that 

\\u{t)-e^'^u+\\^ 0, 

then necessarily u+ = u — (even if the functions are supposed to be radial). 
In other words, linear and nonlinear dynamics are not comparable for large time 
if CT ^ In this paper, we show that this phenomenon disappears for radial 

solutions, when the space variable belongs to the hyperbolic space instead of the 
Euclidean space. Such a phenomenon was established in [S] in the three-dimensional 
case, with partial results in other dimensions. We prove asymptotic completeness 
in the case of higher dimensions. Moreover, we consider rotationally symmetric 
manifolds, which may be viewed as interpolations between Euclidean and hyperbolic 
spaces, as introduced in 0. We show that asymptotic completeness holds for radial 
solutions and (To{n) < a, for some explicit value cro{n), going to zero as the space 
approaches the hyperbolic space. The proof relies on simple Morawetz estimates 
(as opposed to interaction Morawetz estimates, as introduced in [H]), and weighted 
Strichartz estimates [1I1[S]. The energy-critical case is not considered: we always 
assume a < 2/{n — 2). 
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We begin with the nonlinear Schrodinger equation on hyperboUc space 

(1.2) iatu + Ah-w = lup'^M, xEW ; u^t^o^uo e H^{W), 

where x = (cosh r, u; sinh r) G H" C M"^"'^, r ^ 0, w e S"^-'^ and 

„o / X cosh r „ 1 . 

Ah" ^d^ + {n- l)^-—dr + — -^As„-i. 

smh r smh r 

In [S] it has been proved that for small radial initial data, there is asymptotic 
completeness in for all < fi < 2/n and n ^ 2. At the level, wave operators 
were proved to exist for all < cr < 2/(ri — 2) and n ^ 2, without restriction on 
the size of the radial data. The main ingredient were radial Strichartz estimates 
similar to those used on R"*, with arbitrary d ^ n (so the assumption a > 2/donM.'^ 
boils down to cr > 0, since d ^ n is arbitrary). Such estimates stem from weighted 
Strichartz estimates on H" in the radial case (see [1] for n = 3, [2T] for n ^ 4, and [5] 
for n = 2). Finally, asymptotic completeness was proved for all < cr < 2/(n — 2), 
without restriction on the size of the radial data, but only in dimension n = 3. The 
latter result used in addition interaction Morawetz estimates, valid also in the non- 
radial case, in all dimensions n ^ 3. The issue for n ^ 4 was that the passage from 
the interaction Morawetz estimates to global in time estimates in mixed spaces is 
done via a delicate Fourier argument on [21], difficult to adapt to hyperbolic 
space. Moreover, the historical approach based on simple Morawetz estimates relies 
on a precise dispersive rate for the free Schrodinger group (see e.g. [ID]), which is 
not known on H" for n ^ 4. In this paper we cover the cases n 5^ 4 by using simple 
Morawetz estimate and weighted Strichartz estimates. We focus on the radial case. 

Remark 1.1. Quite simultaneously to this work, the existence of scattering opera- 
tors in iJ^(]HI") for n 2 and < cr < 2/(n-2) was established in 19J (see also [1]), 
without the radial symmetry assumption that we make in this paper. The authors 
have derived new Morawetz estimates, which overcome the difficulties pointed out 
above, thanks also to new Strichartz estimates. Our point of view in the present pa- 
per is rather to insist on the transition between Euclidean to hyperbolic geometry, 
as explained below. Also, the proof of the asymptotic completeness in the radial 
case is naturally shorter, and serves as a basis to study the case of intermediary 
metrics, where in addition no Fourier analysis seems to available. 

Theorem 1.2. Let n ^ 4 and 

2 

< cr < -. 



Then asymptotic completeness holds in H^^^^iW^) for (|1.2p ." for all uq G ^rad(^")' 



there exists G -ffrad(^") ■swc/i that 

where u is the solution to (|1.2p . 

In view of [S], the wave operators W± are well-defined on H^^^iW^) for this range 
of cr. The above result shows that the wave operators are invertible on Hl^^{W^) 
(m+ = W]^^uq), so we infer the existence of a scattering operator for arbitrarily 
large data, with no long range effect. This extends the result of [S], established for 
n = 3 only. 

Corollary 1.3. For n ^ 3, and 

2 

< cr < -, 
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the scattering operator S — W_|_ ^W- associated to (jl.2p is well- defined from H^^^(M"') 
to ifi^d(H"); for all U- G 7?4^(H"), there exists u e C{R; H^^^lw)) solution to 

such that 

and a unique u+ = Su- G H^^^iW'^) such that 

The absence of long range effects is of course an effect of the geometry of the 
hyperbohc space. Typically, the usual algebraic decay on M" is replaced by an 
exponential decay. This vague statement can be compared to the phenomenon 
studied in 0, where instead of changing the geometry of the space, an external 
potential was added: 

idtu + l\u^ -\x\^u^\u\^''u, xeW ; it|4=o = "o e S = i/^ n J^(tf). 

The effect of this repulsive harmonic potential (as opposed to the usual harmonic 
potential +|a;p) is to accelerate the particle which goes to infinity exponentially 
fast, so that asymptotic completeness holds in E for any < a < 2/{n — 2) (no 
long range effect). In |8j linear scattering theory was considered for perturbations 
of the Hamiltonian — A — |a;|", for < a ^ 2. It is shown that the borderline 
between short range and long range moves as a varies from to 2. Essentially, 
a potential V is short range as soon as |F(x)| < when a < 2, and 

|T/(x)| ^ (1 + log(x))~^~'^ when a = 2, for some e > 0; the dynamics generated 
by —A — accelerates the particles, from an algebraic decay with a larger and 
larger power, to the limiting exponential case (if a > 2, the underlying operator is 
not even essentially self-adjoint on C|^(R"), due to infinite speed of propagation, 
see e.g. [H]). Note that nonlinear perturbations of —A — \x\" for < a < 2 have 
not been studied, due to a lack of suitable technical tools. In the present paper, we 
analyze what can be considered as the geometrical counterpart of this problem. 

Notation 1.4. Let fc G N and 

k 

,2j + l 



r 



We denote by (or simply M when there is no possible confusion) the n- 
dimensional rotationally symmetric manifold with metric 

ds^ ^ dr^ + (t>{r)^duj^, 

where duj'^ stands for the metric on 

The Laplace-Beltrami operator on MJ! is 

Remark 1.5. If fc = 0, we recover the Euclidean case. The hyperbolic case cor- 
responds to fc = oo. The manifold MJ} can thus be viewed as an interpolation 
between these two cases. 

Theorem 1.6. Let n ^ 4. For k £ N, consider the nonlinear Schrddinger equation 
(1.3) i^tu-f Amw= xGMfc" ; uit^o = "0 e i?4d(Mfe )■ 
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Set N = {2k + l)(n - 1) + 1. For 2/N < a < 2/{n - 2), asymptotic completeness 
holds in H^^^{M): for all uq G H^^^{M), there exists u+ e ^^^^{M) such that 

From the above example, we see that this result is a transition between Euclidean 
(fc = 0) and hyperbolic (fc oo) cases. In view of the results of [S], we infer 

Corollary 1.7. for n ^ 4, fc e N, = (2fc + l)(n - 1) + 1 and 

2 2 

<(T < 



N n - 2' 

the scattering operator S — W^^W- associated to (II. 3p is well-defined from H^^^{AI) 
to H}^^{M): for all w_ G H^^^iM), there exists u £ C {R; H^^^{M)) solution to 

idtu + Aj\/u = jup'^u, 

such that 

and a unique = Su^ £ H^^^{M) such that 

'+\\h^{M) + 



Remark 1.8. We see that as soon as fc ^ 1, 2/N < 1/n. In view of the results of 
[71123], this shows that the curved geometry already changes the short range/long 
range borderline. In Section [3 we present a rather formal argument, relying on the 
description of the free dynamics (see Proposition 11.111 below) indicating that for 
a ^ 1/A^, long range effects are present (see Remark [ 



Remark 1.9. The proof we present still works for other functions cj). We choose 
to restrict our attention to such spaces MJ} in order to emphasize the transition 
between Euclidean and hyperbolic spaces. 

Remark 1.10. The existence of a "scattering" dimension N — {2k + l){n — 1) + 1 
can be compared to Sobolev embeddings on the Heisenberg group. It is shown in 
[3] that the indices for Sobolev embeddings on the {2n+ l)-dimensional Heisenberg 
group correspond to their counterparts on R^"+^. 

To conclude this introduction, and give a rather general picture of large time dy- 
namics of solutions to Schrodinger equations, we describe the asymptotic behavior 
of the free dynamics in the radial setting. It seems that the analogous result in the 
non-radial case, even on hyperbolic space, is not available so far. 

Proposition 1.11. Let n ^ 2. 

(1) Consider the linear equation 



:,\,(H") to Ll^i 



There exists a linear operator C, unitary from L'^^{M"-) to L^g^j(M"), such that 



||u(i)-«(i)llL2(H„)^^^0, 

g-j(n-l)t/2+jrV(4t) , ^ . 

^herev{t,r) = (-^j " [Cuo] [- 

(2) Let fc ^ 1. Consider the linear equation 

idtU + Amu = 0, x <E Ml' ; uu^o = uq e L^^^^{M1^). 
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There exists a linear operator C, unitary from i^adC-'^-^fe ) ^rad(^")' such that 

Mt)-v{t)\\^2,M),—' 0' 

^herevit,r)^^^^—j i^uo) [-) . 

Remark 1.12. In the Euclidean case k = 0, C is, up to a multiplicative constant 
and a dilation, the usual Fourier transform. In the case of M.^, the first point of 
Proposition 11.111 was established in [5] . There again, C is essentially the Fourier 
transform. It is not clear whether the same holds in the case of H", for n ^ 3, 
where Fourier analysis is well developed. See Remark l5.ll 



The rest of the paper is organized as follows. In the next paragraph, we recall 
the general approach for Morawetz inequalities, and give applications for the case 
of defocusing nonlinear Schrodinger equations on H" or M. We prove Theorems 1 1.21 
and ll.Gl in [J3]and respectively. Proposition 1 1 . 1 II is established in ^ 

2. Morawetz inequality 

We first recall the general virial computation on a manifold M , where technical 
ingredients such as integration by parts work as in the Euclidean case. Typically, M 
can be chosen to be R", M" x M", H" or M^, with no restriction on the dimension. 
The homogeneous contribution is treated in |TH], and the inhomogeneous case is 
easily inferred. 

Lemma 2.1 (Virial inequality). Let a be a real function on M with positive Hes- 
sian. If V is a global L°°{M., H^(M)) solution of 

(2.1) idfV + AMV^Fv ; v^^o = vo e H\M), 

then there exists a positive constant C such that 

[ ( [ {-A^a)^-^ +Re [ 2FvVv ■ Va + F\v\^ Aa) < 



s$ C sup / \v\/v ■ Va|. 
te[o,T] Jm 

Lemma 2.2 (Morawetz inequality on H"'). Let n ^ A. All solutions u of equation 
(II. 2p (not necessarily radial) satisfy to 

i-T 



(2.3) / / ^ 3 \u(t,x)Ydxdt ^ C sup ||'a(t)||j^i. 



cosh? 

sinh^r ' ' ' " tgfo^T] 

where r = (O, x) . 

Proof. We apply Lemma [2.11 with AL ~ H", u ^ v, F ^ \u\'^"' and a{x) = r 
dm"{0,x). In the left hand side of (|2.2p . the contribution of the nonlinearity is 

so by integrating by parts the first term, 

r ( [ ^—\u\'-+'Aa+\u\'^+'Aa]^ C [ ^\u\'-+^Aa. 

Since Aa = (n — l)fff^, the nonlinear contribution is non- negative (defocusing 
nonlinearity), and we get 



r [ i-A'a)^-^^C sup \\u{t)\\l^. 
Jo Jm ^ te[o,T] 
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COSll 7* 

By computing -~A'^a{x) = (n — l)(7i — 3) :t—, the lemma follows. □ 

sinh r 

Lemma 2.3 (Morawetz inequality on M). Let n ^ 4 and k G N. All solutions to 
()1.3|) (not necessarily radial) satisfy to 

i-T 

I L./j- ^M2j_ji ^ n , IL.;'j-M|2 

i(M)> 



(2.4) \ [ ^\u{t,x)fdxdt sup ||ii(i)l|^i 

where r — dM{0,x). 

Proof. The proof follows the same lines as above. For fc = 0, this is the standard 
Morawetz estimate; see e.g. [TD]. We therefore assume fc ^ 1. The manifold 
has a negative sectional curvature, so the Hessian of the function distance to the 
origin is positive (Theorem 3.6 of §6 in [20 ). For a{x) = r = duiO, x), we compute 

Aa/o (n - 1)^, 
<P 

Ala = ^ (0^0(3) _^ _ 4)^^/^. _ _ 3) (^,)3^j _ 

Since Ajv/a is non-negative, the nonlinear term is neglected, just like in the proof 
of Lemma 12.21 We check 

-Al,a ^ (n-l)(n-3)4, 
1 — >o r^ 

-Alja - (n-l)(2fc+l)(2fc(n-l)+n-3)4r. 

r — >oo r 

To establish the lemma, it suffices to prove that —A\,ja > for r > 0. Write the 
numerator of — A|^o as 

(n - 1) ((n - 3)0' ((0')' - H") + <!> (0'</>" - 

We claim that for all r > (and fc ^ 1), 

<^'(r) ((0'(r))' - (/.(r)(/."(r)) > 1 ; 0(r) ((/.'(r)0"(r) - </.(r)</.(3) (r)) > 0. 

Since 



and 0(0) — 0"(O) = and 0'(O) = 1, it suffices to show that the above quantity is 
non-negative. From 

0"(.)=0(.)-(^.--, 0^^)(.) = W-^.-, 

we infer 



(2fc + l)! (2fc)! 

= V i ( — —\ r^'^+^J+i > 

(2j)!(2fc)! V2J + 1 2fc + i; 

The estimate announced above follows, hence the lemma. □ 
Remark 2.4. If the function is replaced by 

S(r) = V r^^'+i 

^t^(2j + l)! 

for some Oj > 0, then the results of [5] show that weighted Strichartz estimates 
are available in the radial setting, showing the existence of wave operators with the 
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same algebraic conditions as in Theorem 11.61 However, for fc ^ 2 and a general 
family (aj)osjjXfc of positive numbers, it is not clear whether the analogue of the 
above lemma is valid or not: it may very well happen that with our choice for a, 
^A\.ja has some zero for < r < oo, thus ruining the above argument. 

3. Asymptotic completeness in hyperbolic space 
In this paragraph, we prove Theorem II. 2 1 

Since we are in a defocusing case, we have a global in time a priori estimate for 
the H^-noim. of u, hence the following control, without radial assumption: 

^ C(uo). 



(3.1) 



cosh? 



sinh r 



u{t, x) 



L2(R,L2(H")) 

This global control will allow us to prove that u belongs globally in time to 
certain weighted mixed spaces, yielding asymptotic completeness. We set: 



w„(r) = 



/ sinh) 



'. We recall that {p, q) is n-admissible if 



p^2, ^ (2,oo,2). 



and we denote by dfi the measure on 
2 n n 

We shall use the following global Strichartz estimates for the radial free evolution, 
established in ^2lJ for n ^ 4 : 



(3.3) 



(3.4) 



itAa 



7(-)| 



7n{s^t} 



^C\\F\ 



LP{I,L9{vl~^dn)) 



for aU radial functions / G ^^^^(H"), F e U' (l;L^'^d (h", w^'^^dll) ) and every 

n-admissible pairs {p, q) and (r, s). If is a derivative in space of order one, similar 
estimates hold with the operator A in front of / and of the integral in (|3.4p . The 
constants are independent of the time interval /. 

Let A G {Id, V}. In view of the above Strichartz estimates, we wish to control 

^i''/'^'A{\u\'''u) in LP (/;L«') 

by some power of where 

X{I) = e L°° {l,H\dn))nL^ (/,Tyi'2*(w2;-2rfi7)^ ^ 

Mx(I) ^ lklU-(/,Hi(df2)) + lkllL2(/,M/i.2*(„r-2da)) < °°}' 

and 2* = ^^^^ (the pair (2,2*) is admissible, since n ^ 3). This is achieved in the 
following lemma. 

Lemma 3.1. Fix n ^ 4 and < cr < -p;^- Let u be a radial solution to (|1.2p . and 
A G {Id, dr}. There exist an n-admissible pair {p, q), < a < 2a, and C > such 
that for all time interval L , 

(3.6) \-\-'''' A{\u\^^u)\^^,^^^^^,^^C\\f\^^^^^^^^^ 

where X{I) is defined in p.5p . and 



(3.5) 



, coshr , , , ,c 
f{t,r) = --^\u{t,r)Y 
smh r 
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Proof. First, note that we have the uniform point-wise estimate 
We want to apply Holder's inequality, after the following splitting: 



(3.7) ,l-V'>'\u\''^\Au\={^l^^\u\] x|z.r-" 



/ sinh^ 



\ cosh r 

The first term will be estimated in L^i^ , the second in L^L^ ^^"^^ "\ the third in 
L^Lf, and the last in LfL^, where 2* = Write 

la2(T — all lal 
Thanks to Sobolev embedding, the third term wih be controlled by 

II \\la — OL ^ II \\la — OL ^ II ||2cr — a 

Since the pair (2,2*) is n-admissible (endpoint), the lemma will follow if we can 
choose (p, q) and a such that: 

• (p, q) is n-admissible. 

• a > 0, with 2(7 - a > 0. (Morally, < a < 1.) 

• The last factor in JSJl) is in L^(H"), for some 9 e[l,oo[. 

If p is imposed in view of (|3.8p . that is 

1 _ 1 a 
p ^ 2 ^ 2' 



then (p, q) is n-admissiblc if 
(3.9) 



1 _ 1 a 
q^ 2* ^ n' 

This is consistent with the first equality of (|3.8p provided that 

1 2 n~2 2a 



(3.10) 



n n n 



Examine the last condition of the three listed above. Working in radial coordinates, 
recall that the measure element is sinh"^^ rdr. Integrability near r = is not a 
problem. Integrability as r ^ oo follows from an exponential decay, provided that: 

n-l f 2 2\ , 

1---- +JI-KO. 



2 \ q' n 

Using p.gp and p.lOp . this becomes: 

a a 2a — a 
3.11) 77 7. <0. 

^ ' n-l 2 2* 

Consider the extreme case a — Q. The above condition is obviously fulfilled, and 9 
is finite since a < with 9 > 1 since cr > 0. 

Since the conditions 9 g]1,oo[ and (|3.1ip are open, by continuity, we can find 
a > such that they remain valid. So we have fulfilled all the conditions listed 
above, and the lemma follows from Holder's inequality. □ 
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Proof of Theorem \l/A Let / be some time interval, and G /. For (p, g) the 
n-admissible pair of Lemma [XT| weighted Strichartz estimates p.3p - p.4p yield 

iia/2 II ||2(T+1-Q^ 



\W\\x{I) [\H'^o)\\m{n^) + ll/llLiaxH") 

We have seen in the proof of Lemma lOl that a > is such that 2a > a. Therefore, 
the exponent 2cr + 1 — a is larger than one. Recall the standard bootstrap argument 
(see e.g. [2]). 

Lemma 3.2 (Bootstrap argument). Let M — M[t) he a nonnegative continuous 
function on [0, T] such that, for every t £ [0, T], 

M(t) s$ ei+e2M{t)\ 

where ei,£2 > and 6 > \ are constants such that 



(fe2)i/(''~i) ' (0e2)i/(''-i) ■ 

Then, for every t £ [0, T], we have 

M{t) ^ ^ £i. 

Let e > 0. Since f £ L^{M. x H"), we can split IR+ into a finite family 
J 

M+ — [J /j , Ij — [Tj, Tj+i[, with Ti = and Tj+i — +cx), 
i=i 

so that xH") ^ £• Choosing e > sufficiently small and summing up over 

the /j 's, we conclude: 

u e X{R). 

Using weighted Strichartz inequality again, we see that (e^'*'^'"" u(t, is a 

Cauchy sequence in _ff^(H") as i ^ +oo. So, there is scattering at the level: 

3.+ E (H") , \\u{t) ~ e^*^-«+||^,(„„^ ^-^^0. 
This completes the proof of Theorem 11.21 In view of 5J, CoroUarv 11.31 follows . □ 

4. Asymptotic completeness in intermediary manifolds 
The proof of Theorem 11.61 follows the same strategy as above. Introduce 

w„ = w„(r) = — 
V r 

and denote by dfl the measure on M^. The following weighted Strichartz estimates 
are established in [5]: 



e'(*-"'^«F(s)ds 
in{s^t} 



^ ^ll-^llL'-'(/,L='(wJ;'-^df2)) ' 



for aU radial functions / e L^^^i^), F e L""' \^I;L^'^^ [IT ,wf^-^dnjj and every 

n- admissible pairs {p, q) and (r, s). If A is a derivative in space of order one, similar 
estimates hold with the operator A in front of / and of the above retarded integral. 
The constants are independent of the time interval /. Mimicking the proof of 
Theorem II. 2 [ it suffices to prove the following 
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Lemma 4.1. Fixn^ 4, k^l and2/N < a < -j^, where N = (2A:+l)(n-l) + l. 
Let u he a radial solution to (jl.3p . and A G {Id, 9^}- There exist an n-admissible 
pair {p,q), < a < 2a, and C > such that for all time interval I , 

(4.1) \\.ir'^^'A{\u\'^u)\l^,^^^^^,^ ^ cmni,^.^ Mxti)'" > 

where X{I) is defined as in p.Sp . and 

/(^,r) = l|^.(^,r)^ 

Proof. The proof is very similar to the proof of Lemma 13.11 We want to apply 
Holder's inequality, after the following splitting: 



e 

(4.2) 



Write 

1 a2cr — a 1 1 1 a 1 

7=2^ ^F^^ ' 7=2^2' 

where 2* = The lemma will follow if we can choose {p, q), a, and a, such that: 

• {p, q) is n-admissible. 

• a > 0, with 2a - a> 0. 

• a € [2, 2*] (to control the second term thanks to Sobolev embedding). 

• The last factor in the above splitting is in L^{M'^), for some 6 G [1, oo[. 

With p given by the second equation in (|4.2p , the first condition is equivalent to 

/ . „x 11a 

q 2* n 

This is consistent with the first equality of (|4.2p provided that 

.^ 1 2 2a /I 1 1 

4.4 - = + - + - 

n a \a n 2 

Let us examine the last condition of the four listed above. Working in radial 
coordinates, recall that the measure element is (j){r)^~^ dr . Integrability near r = 
is not a problem. Integrability as r ^ oo holds if: 

Y + " 1) (l - ^ - ^)) + (2^ + - 1) < 

that is, thanks to (|4.3p . 

3a N~n 2(N-n)\ 12 2 /II 
a ^ +iV<0^=^-< — -a' 



2 n n J 6 n N \2N n 

Consider the extreme case a — Q. The above condition on 9 yields 



In view of (14.41). 9 is finite if 



2 2a a 



a 

a < -. 

n 



Moreover 9 is always larger than 1 (n ^ 4 and a > 0). Since k ^ 1, N > n, and 

^ ^ ^ ^ 2 
Iv < ^ < 7132. 



since jr < a < -z^, we can find a e [2, 2*] such that 



a a 

T7 < O- < -■ 

N n 



Fix the parameter a. Since the requirements we have made are open conditions, 
by continuity, we can find < a ^ 1 such that they are still satisfied. So we 
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have fulfilled all the conditions listed above, and the lemma follows from Holder's 
inequality. □ 

5. The free dynamics in the radial case 

To prove Proposition II. Ill we first reduce the analysis to the Euclidean case, as 
in [211 E] ■ Consider the equation 



(5.1) idtu + Au^O, 

where A stands for the Laplace-Beltrami associated to an ri-dimensional rotation- 
ally symmetric manifold with metric 



ds^ = dr^ + Mrfduj^, where 0(r) = V - — 



and k is possibly infinite. Introduce u, given by 

Sf(i,r)=u(i,r) 
In the case of radial solutions, (|5.ip is equivalent to 

We check easily the following dichotomy: 

• If /c is finite, then V is smooth, with Vir) = 0{r^^) as r ^ cx). 

• li k = oo (case of hyperbolic space), then 0" — cj), and V ^ {n — l)/2 + V, 
where V is as above. 

Up to replacing u with e**^""^)*/^?! when k is infinite, we see that it suffices to study 
the first case. The potential is a short range potential, as far as linear scattering 
theory is concerned (see e.g. [131 [26]). Therefore, there exists u+ G L'^^^{W-) such 
that 

Moreover, the map u\t=o ^ is linear and continuous from _L^g^^(]R") to L'^^^{M.''^). 
Recalling that the volume element is r^^^dr on M", and (j>{r)'^^^dr on the manifold 
that we consider, we infer 



\\u{t) -vi{t)\\^2^M) .—^ 0> 



where 



Proposition 11.111 then follows from the standard large time asymptotics for e**"^"", 

i\x\^ /{it) 

(5.2) ||e^*'^«> - A(i)||^,(„„^ ^-^^0, where A{t,x) = '-^^ [F^) (|) , 

and the Fourier transform J- is normalized so the above relation holds true. This 
asymptotics is, for instance, a straightforward consequence of the factorization 
gitAKTi _ MDTM, where M is the multiplication by an exponential, and D is 
the L^-unitary dilation at scale t. 
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Remark 5.1. We notice that V — if (p' is constant: in the EucUdean case, 
u — cu. If n = 3 and (f)" — c(j), V is constant: for radial solutions on H"^, and up 
to a purely time dependent phase shift, there is no external potential. In the two 
cases distinguished here, we have m+ = u\t=o- Then ()5.2|) shows why the Fourier 
transform is present in the description of the asymptotic behavior of radial solutions 
to (|5.ip . Recall that the Fourier transform for radially symmetric functions on H" 
is much simpler when n — 3; see [1] and references therein. 

Remark 5.2. Following the formal argument given in [T5], Proposition [TTTT] sug- 
gests that for (T ^ long range effects are present in (|1.3p . Suppose that n ^ 2 
and < cr 1/iV, where N ^ {2k + l){n - 1) + 1. Let u S C([T, oo[; i^^dl^fe )) be 
a solution of ()1.3p such that there exists u+ G ^radi-^^k) with 

lUm -e**'^'^u+|L, — > 0. 

Formal computations indicate that necessarily, = and u = 0: the linear and 
nonlinear dynamics are no longer comparable, due to long range effects. To see 
this, let ip e C§°{M) be radial, and t^^ti^ T. By assumption, 

Jti 

goes to zero as ^1,^2 ^ +00. Proposition 1 1 . 1 ll implies that for t +00, we have 

for ip = £'0|£u-|_p'^>Cw+. With the change of variable r tr, the above integral is 
equal to 

1 r°° / fr \ 

ina+n-l \<j>{tr) J ^ ^ > 

For r ^ 1 and large t, the function at stake behaves like 

I I tr \ ^(n-l (2fc+i) r I ^ 



fna+n-l W^^^2fc+1 / VV'/V'; 

This function of t is not integrable, unless cp = 0. This means that Cu^ = = it+ 
(Ker C = {0}). The assumption and the conservation of mass then imply u = 0. 
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